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Abstract

The new integrable systems associated with the space of elliptic branched
coverings are constructed. The relationship of these systems with the elliptic
Schlesinger’s system (Takasaki 1998 Lett. Math. Phys. 44 143-56) is
described. For the standard two-fold elliptic coverings the integrable system
is written explicitly. The trigonometric degeneration of our construction is
presented.

PACS numbers: 02.30.1k, 02.40.Sf

1. Introduction

The most well-studied integrable systems such as Korteweg—de Vries, non-linear Schlesinger
and sin-Gordon [2] appear as compatibility conditions of the auxiliary linear system

o, =UD o, =Vo (1.1
where U, V and W are matrix functions of (x, y) and a constant (i.e. independent of x and y)
spectral parameter y € C. Matrices U and V for these systems are meromorphic functions of
y with (x, y)-independent positions of poles.

In 1978, Belinskii and Zakharov [3] and Maison [4] discovered integrability of the Ernst

equation

(x = MGG, +((x = »)G,G ™, =0 (12)
where G € SU(1,1)/U(1), which does not fit into this framework. Namely, the Ernst
equation is a compatibility condition of the system (1.1) with matrices U and V of the form:

G.G™! G,G™!
U= V=———r (1.3)
11—y 1+y

where the spectral parameter y is a function of x, y and a ‘hidden’ (‘constant’) spectral
parameter A:

2
s = 2 (S T ). (1:4)
y—Xx

2
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Therefore, the Ernst equation can be viewed as a ‘deformation’ of the principal chiral model
(PCM) equations. For this model the matrices U and V have the same form (1.3) but y is a
constant (independent of (x, y)) spectral parameter.

The same equation (1.2) for G € SU(2)/U(1) plays the role of the Gauss—Weingarten
system for the so-called Bianchi surfaces in R? (surfaces of negative Gaussian curvature of
special form [5, 6]).

The general deformation scheme of linear systems of the type (1.1) was proposed in 1989
by Burtsev er al [7]. Assuming that the spectral parameter y in (1.1) depends on x and y,
they derived a system of differential equations on y which provide a part of the compatibility
condition of the linear system (1.1). Solutions of the system for y were found in the recent
work [8]; in this work y is given by the inverse map to the uniformization map of a rational
(genus zero) N-fold branched covering of the Riemann sphere when the branch points of
the covering are chosen to be independent variables. In other words, a deformation of the
linear system (1.1) was associated with the space of rational functions of degree N with simple
critical points. In the case of two-fold rational covering, if the matrix dimension equals 2, this
scheme leads to the Ernst equation.

In [8] it was also shown how to generalize this approach to the Hurwitz spaces of genus
g = 2 (spaces of meromorphic functions on the Riemann surface of genus g) for matrix
systems. However, for the genus greater or equal to 2 it is difficult to present any explicit
equations. The linear system associated with a genus g branched covering £ has the following
form [8]:

dw

Ry 15
O (1.5)

where the matrix U, (P, {\,,}), P € L has only one simple pole at the ramification point P,
of the covering £ and does not have any other singularities. Such a function exists on a genus
zero surface, but for the higher genus it must be non-single valued. This means that for genus
greater than one the matrices U,, get some multiplicative and (or) additive transformations
under tracing along topologically non-trivial cycles of the surface. These transformations
depend on branch points of the covering, which makes the corresponding integrable system
transcendently non-linear.

In genus one, however, it is possible to develop in detail a scheme analogous to the genus
zero case and this is the purpose of the present paper.

Consider the Hurwitz space H; y, the space of N-fold genus one coverings of the Riemann
sphere with simple ramification points (coverings consisting of N copies of CP! with 2N
ramification points). Projections of the ramification points on the base of the covering are
called the branch points; we assume them to be distinct and denoted by Ay, ..., Aoy. Consider
the Abel map v : £ — C from the genus one covering £ onto its fundamental domain in the
complex y-plane. We denote by y|, ..., y»n the images of the ramification points under this
map. They satisfy the following equations as functions of the branch points:

Vn
= =l Vn = Vi) + P (V)] m#n
8]/ 2N

where p denotes the logarithmic derivative of the Jacobi theta function 6;; «,,, are some
coefficients subject to the differential equations:
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o,

ﬁ = —205,,0(,”,0/(%1 - ym)

o =\

ﬁ = > 200mp (V= Vi)
m n=1,n#m

On a covering of genus one, the linear system (1.5) can be written in terms of the elliptic
r-matrix, whose transformations under tracing along non-trivial contours of the covering are
given by similarity transformations independent of the branch points. Namely, in this paper
we consider the linear system (1.5) where matrices U,, look as follows:

1 2 12 2
Um(P)z tr(r (U(P) - ym)Jm) (16)

with some matrices J,, ({Ar}), P € L. Here we consider all matrices as operators in the tensor

| 2
product of two copies of CX:A = A® I,A= I ® A; the elliptic r-matrix ]r2 is a linear operator

in C*¥ ® CX. The main result of this paper is the integrability of the following system:

1
0Jm

o,
It appears as a compatibility condition of the linear system (1.5), (1.6). The systems (1.7)
are genus one analogues of the integrable systems constructed in [8]; they give elliptic
generalizations of the Ernst equation (1.2).
We define the t-function for the integrable system (1.7) as follows:
dlogt 1 2
o 2 tr(Jm). (1.8)

This system is compatible as a corollary of (1.7). For the genus zero two-fold coverings this
definition gives rise to one of the metric coefficients on the corresponding spacetime [8].

The non-linear integrable system (1.7), together with the associated linear system (1.5),
(1.6), turns out to be closely related to the elliptic Schlesinger system proposed by Takasaki
[1]. Namely, from each solution of the elliptic Schlesinger system we can obtain a solution
of the system (1.7). For these solutions there is a simple link between t-function (1.8) and
t-function of the elliptic Schlesinger system:

L /g, trA2/2
t(Gah) =] <5(Q ,»)) zsen({2i D) zi=y 00 (1.9)
j=1

where {z;, ..., z,} is a set of points in the y-plane which forms a part of monodromy data for
the elliptic Schlesinger system; Q1, ..., Q are points on the covering whose images under
the Abel map v are given by zy, ..., z; and whose projection on the A-sphere do not depend
on the branch points {},,}; matrices Ay, ..., Ay solve the Schlesinger system; the variables
tr A? are integrals of the elliptic Schlesinger system.

The paper is organized as follows. In section 2 we discuss the genus zero case and
present a slight generalization of the scheme proposed in [8]. In section 3 we derive auxiliary
differential equations describing the dependence of the Abel map v of the genus one covering
on the branch points. Further, we introduce the linear system (1.5), (1.6) and derive the
integrable system (1.7) as its compatibility condition. Then we define the tau-function
of the integrable system. Finally, we write explicitly the system (1.7) in the case of the
simplest elliptic covering. Section 4 is devoted to a description of the link of the integrable
systems constructed in section 3 with the elliptic Schlesinger system proposed by Takasaki
[1]. In section 5 we describe the trigonometric degeneration of the constructed integrable
systems (1.7).

1 , 2 12, 2 1 2 12 2
=~ 0" Wi — V) — A 0 (F Vi — Vi) Jn) — U, 0 (r (Vo — V) Jn) 1. (1.7)
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2. Integrable systems related to space of rational functions

The goal of this section is to describe integrable systems related to the space of rational
functions. We present a different version of the construction proposed in [8]. Consider the
space of rational functions of degree N with 2N — 2 critical points which have the following

form:

"y tag

R(y) = ayy" +ay_1y"”
Y yN+by ayN T+ + by
The genus zero algebraic curve
A= R(y)

can be realized as an N-fold branched covering £ of the A-sphere CP!; a point P of the
covering is a pair (A, y). We denote by m the projection operator from the covering onto
the underlying A-sphere: w(P) = A. Functions (2.1) have 2N — 2 critical points counting
multiplicities; according to the Riemann—Hurwitz formula, the genus of the corresponding
covering L is zero. We assume the ramification points of the covering to be simple and finite;
denote them by Py, ..., Poy_». Their projections 7 (P,,) = A, on the A-sphere (the branch
points) are critical values of the rational function R(y): X,, = R(y»), where {y,,} are critical
points of the function R, i.e. solutions of the equation R’(y) = 0. We assume all branch points
A, ..., Aan_2 to be distinct.

To each element / of the fundamental group 7y (C\{XAi, ..., A2y_2}) one can assign an
element o; of the symmetric group Sy, which describes how the sheets of the covering permute
when A goes along the contour /. In this way we can assign to the covering £ a representation
of my (C\{Ay, ..., A2n—2}) in Sy. For a fixed number of sheets, type of branch points and
the assigned representation, the covering is determined by positions of the branch points, i.e.
A }iNz _12 gives a set of local coordinates on the Hurwitz space. Observe that this set has 2N —2
elements whereas the corresponding rational function (2.1) is defined by 2N + 1 parameters.
This is because any Mobius transformation in the y-sphere (determined by three parameters),

Q2.1

ay +b

ad — bc =1 2.2)
cy +d

leaves the positions of the branch points {,,} invariant.
For our purposes we fix the coefficient ay in the nominator of the rational function to be
a constant, say ay = 1; then the rational function (2.1) becomes

yVrayay" T+ +ag

R(y) = 2.3
(]/) yN+bN717/N71+"'+bO ( )
and at infinity the following asymptotics takes place:
B 1
A=1+—+o0|— as y ~ oo 2.4)
14 14

where we denoted 8 = ay_1 — by_1.

We shall consider the critical points {y,} of the rational function (2.3) as functions of its
critical values {X,}. First, note that on the covering L there is defined a one-to-one function
v : L — CP' such that R(v(P)) = m(P); in particular, the images of ramification points are
the critical points of the rational function: v(P,) = y,,. The function v(P) takes every value
only once, thus v(P) is holomorphic everywhere except the point which is mapped to infinity;
then we can write the expansion of v(P) with respect to the local parameter /A — A,, in a
neighbourhood of the ramification point P, (forany m = 1,...,2N — 2) as follows:

V(P) = Y + UnvVA — Ay + O(A — Ap) P — P,. (2.5)
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Let us differentiate these expansions with respect to X,, and rewrite the result in terms of v,
using the relation /A — A, = (v — ,,)/v, + O((v — y,,)?) which follows from (2.5). We see
that the function dv/d2, is a meromorphic function of v which has a first-order pole at the
point y, and is regular at all other critical points, i.e.
ov _ay
8)\n Vn —

+f() (2.6)
Vv

where «,, = (v,,/2)?, and f (v) is a function regular everywhere except the point at infinity. We
find the behaviour of this function at infinity differentiating the asymptotics (2.4) (which holds
for y = v(P) since locally, in a neighbourhood of the pre-image of infinity P ~ v~'(c0), the
function y (A) = v(P) gives the inverse to R(y), y ~ 0o ) with respect to A,:

0= P, -, ﬁ +0 (l> as v~ 00. 2.7

v "2 v

This implies that the following equations describe the dependence of the function v on the
critical values of the corresponding rational function (2.3):

0 n
VO P o aN =2 2.8)
8)\n Vn —V :8
with some functions ¢, = ¢, ({ ¢}).
The compatibility condition of the system (2.8) gives the following system of differential
equations for the critical points {y,,} of the rational function (2.3):

8m n
Yo _ O P wim (2.9)

a}‘-n _Vn_ym IB

Remark. We get the same equations if instead of the rational function (2.3) we consider the
one of the form:
N-1

R(y)=By+s+)
k=1

Ak
(2.10)
Y — bk
which can be obtained from (2.3) by a Mobius transformation.

Consider now the following system of linear differential equations for a matrix-valued
function W(P, {A,,}) m =1,...,2N —2):

dw Yo — Vm 1

—P)=——7"—"G;, G V(P 2.11

o )= gy G ®) @.11)
where yy = v(Py), the projection w(Py) = 1o € CP! of the point Py is independent of all
{An}; Gy )) 1s a matrix-valued function. The compatibility condition for (2.11) is given
by the following system of non-autonomous (since all y,, and y, are non-trivial algebraic
functions of {A,,}) coupled PDEs:

(yO_J/WL G)\mG_1> — (VO_yn GMG_1> . (2.12)
B A B A

The described construction of the integrable systems gives a realization of the scheme of
Burtsev et al [7] who derived the compatibility conditions for the deformed linear system of
the type (1.1). They obtained differential equations on the variable spectral parameter of the
linear system which form a part of the compatibility condition. It was shown in [8] that the
function v(P) is a solution of these differential equations.

n
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In the case of the two-fold coverings (N = 2) corresponding to the rational function of the
form (2.10) with 8 = 1, § = 0 (the normalization considered in [8]) system (2.12) coincides
with the Ernst equation (1.2) after the identification A = x, X, = y (see [8]).

There exists a well-known relationship between these rational two-fold coverings and the
surface theory: the Gauss—Weingarten equation for a surface in RR? with the Gaussian curvature
K = —[p(x, y)]’2 can be written in the following form [6]:

(pG.G™H), +(pG,G™), =0 (2.13)

for G € SU(2)/U (1), which for the case of the Bianchi surfaces (p(x, y) = x — y) formally
coincides with equation (1.2).

Here the natural question arises: are there other coverings for which the system (2.12)
takes the form of the Gauss—Weingarten equation for some surfaces? (Then it would be a
new integrable case in surface theory.) This occurs if the system (2.12) has the property
Yo — ¥Ym = — (o — ¥n) for some pair of indices m, n; that is

Ym t Vn
2

where yp = v(Pp) is the image of the point Py € £ whose projection Ay on the A-sphere
does not depend on {A;}. Existence of such systems is an open question. Since the covering
is locally defined by 2N — 2 independent variables {A,,}, two additional parameters of the
rational function (2.3) could be used to impose some relations on {y,,}. As was already noted,
the freedom to choose these parameters corresponds to two Mobius transformations in the
y-sphere: y — ay and y — y + b. But the condition (2.14) is invariant with respect to both
of these transformations, which means that for the given degree N of a rational function we
do not have any freedom to impose condition (2.14) for any pair of m and n. However, there
is still a possibility that (2.14) holds for some rational coverings as in the case of N = 2.

=% (2.14)

3. Integrable systems related to elliptic branched coverings

In this section we construct an elliptic analogue of the integrable system (2.12).

3.1. Differential equations for images of ramification points of elliptic coverings in the
fundamental domain

The Hurwitz space H; y is the space of meromorphic functions of degree N on Riemann
surfaces of genus one. Consider a meromorphic double-periodic function R of y € C with
periods 1 and p and N simple poles within the fundamental domain 7 = C/{1, u}. As a
function on T, R(y) has degree N. The equation

A= R(y) (3.1

defines an N-fold branched covering (we again call it £) of the Riemann sphere. A point
P of the covering is a pair: P = (A, y). According to the Riemann—Hurwitz formula, this
covering has 2N ramification points counting multiplicities; we assume them to be simple
and finite and denote by Py, ..., P>y. Projections {r (P,,)} of the ramification points onto the
A-sphere (the base of the covering) are called the branch points. They are given by critical
values A, ..., Aoy of the meromorphic function R(y) : A, = R($,), where 91, ..., Py are
critical points of R(y), solutions of the equation R'(y) = 0. We assume the branch points
to be distinct: A,, # A, for m #% n. Our choice of the local parameters on £ is standard:
in a neighbourhood of a ramification point P,, we take x(P) = /A —X,,, P € L, P ~ P,;
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in a neighbourhood of a point at infinity on any sheet we take x = 1/A; at any other point
variable X itself is used as a local coordinate. To the covering L it is assigned a representation
of the fundamental group 71 (C\{Ay, ..., Aon}) in the following way. To each element / of the
fundamental group one can assign an element o; of the symmetric group Sy, which describes
how the sheets permute when A goes along the contour / on the base of the covering. We fix
this representation of 7;(C\{A, ..., Xon}). Then for a fixed number of sheets and type of
ramification points (we fix them to be simple) the covering is determined by positions of the
branch points; thus we consider {)»,;1},2,,N: , as a set of local coordinates on the space of elliptic
coverings.

Introduce on £ some canonical basis of cycles (a, b). Denote by v(P), P € L, the
holomorphic Abelian differential with normalized a-period:

ygv =1. (3.2)

For our covering it has the form
(P)= 2 4 (33)
v(P) = =dy. .
R'(y)

The integral over the b-cycle gives the module u of the elliptic Riemann surface £:

= %V, (3.4)
b

The function v(P) which maps £ onto the fundamental domain 7 = C/{1, u} is given by the
Abel map

P
b(P) = / v (3.5)

00

where we choose the initial point of integration to coincide with the point at infinity on some
(the zeroth) sheet of the covering £. We denote the images of the ramification points under this
map by y,,. They differ from the critical points {7,,} of the function R by a shift (corresponding
to the choice of initial point of integration in (3.5)) modulo the period lattice {ku +1; [, k € N}:

Vin = P — € m=1,...,2N 3.6)
where c is the second coordinate of the point c0o® € £ : 00©® = (o0, ¢).
The Jacobi theta functions are given by
0lp. ql(y; w) =Y _ exp{mip(m + p)* + 2i(m + p)(y +q)}- (3.7
mezZ
We denote by p(y) the logarithmic derivative of theta-function 0;(y) = —60[1/2, 1/2](y):

d
p(y) = ™ log 61 (y). (3.8)
4

It has the following periodicity properties:

ply+1) =py) ply + ) = p(y) —2mi. (3.9)

The derivative p’(y) coincides with the Weierstrass P-function up to a rescaling of the
argument and an additive constant.

The following theorem describes the dependence of the map v(P) (3.5) on A and the
branch points {A,,}; it provides an elliptic version of equations (2.8).
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Theorem 1. The function v(i, {\,}) defined by (3.5) satisfies the following system of
differential equations:

2N
ov
5 = 2l =y +p(n)l (3.10)
k=1
av
W=—am[p(v—ym)+p()/m)] m=1,...,2N (3.11)
where we denoted
2
1, 1 v(P)
m= v, =—| ———— . 3.12
U = S0, =3 |:d i P_Pm:| (3.12)

{ym} are the images of the ramification points under the map v : Y, = v(Ppy).

Remark. The form (3.3) of the holomorphic normalized differential implies that «,, =
[R" (7)1~

Proof of theorem 1. From (3.5) we see that the function v(P) is holomorphic in a
neighbourhood of the ramification point P,, and behaves as follows:

V(P) = Y + VvV A — Ay + O(A — Ap) as P— P, (3.13)

where /A — A, is the local coordinate in a neighbourhood of P,,, and v,, is defined by (3.12).
Therefore, in this neighbourhood

ov Un

(P = 5 s O (3.14)
av U

Dhr (P) = —ﬁ +0(1) (3.15)
88/\]),1 (P)=0()  n#m. (3.16)

We rewrite these expansions in terms of the coordinate v taking into account definition (3.12)
of «,,, and the correspondence between local parameters v — y,, and /A — X, is given
by (3.13)

W py= 2 Lo W P) =~ -2+ O(1) (3.17)
oA V= Vm I, V— Vm
as P — P,.
The function v(P) transforms as follows under the tracing along basic cycles on L:
V(P =v(P)+1 v(PY) =v(P)+p (3.18)

where v(P?%), v(P?) denote the analytic continuation of v(P) along a- and b-cycles,
respectively. Therefore, the derivative v; is periodic with respect to tracing along the basic
cycles. Then the function v, has periods 1 and p in the y-plane. Its local behaviour at the
points y,,,m = 1,...,2N is given by (3.17). Hence, we conclude that Z,%Q] o = 0 as sum
of residues, and the derivative v, can be expressed as follows in terms of function p:

2N

ov
a(v) = ;ak,o(v — V&) + const. (3.19)
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To determine the constant in (3.19) consider a neighbourhood of P = 0o®. The Abel map
(3.5) is zero at this point, v(c0®) = 0, and we can write its behaviour there as follows:

V() = % L0 (%) as A — 0o (3.20)

(Note that & # 0 since we assume c0”) not to be a ramification point.) Therefore, for the
A-derivative we have in a neighbourhood of P = co®:

av o 1

a_x(’\):_ﬁ”?(ﬁ) A — 00.
Rewriting as before this expansion in terms of the coordinate v ((3.20) implies A ~ «/v) we
see that vy, (v = 0) = 0:

ov 2 5
— W) =——+00") as v(P)— 0.
oA o

Therefore, (3.19) turns into (3.10).
Consider now v; . In the y-plane it has only one simple pole at v = y,, as follows from
(3.17). The periodicity properties (3.18) of the Abel map imply that
av av av av ou
™ w+1) = T v) and ™ w+p) = o v) + T
The function —a,, p(v — ¥,,,) + const satisfies the periodicity condition (3.21) since, due to the
Rauch variational formulae [9], we have

(3.21)

0
I piv? = 2riay. (3.22)
OAm
To find the constant term we again put v = 0, i.e. P = 00, Then from the asymptotics (3.20)
we see that v, (v = 0) = 0, which leads to (3.11). O

Remark. Equations (3.11) can also be deduced from the Rauch variational formulae for the
differential v [9].

Compatibility conditions of the system (3.10), (3.11) imply the system of differential
equations describing the dependence of {y,,} on the branch points {},} (the indices run
through the set {1, ...,2N}):

a n
My = =0 — ym) + Pyl mEn (3.23)
2N
Y
= Dl — )+ Pl (3.24)
M k=1,ksm

The equations for residues «,, which also follow from the compatibility of (3.10) and (3.11)
look as follows:

8 n

af = 20,0 0" (Vi — V) (3.25)

aa 2N

= 2 2o (v — ). (3.26)
mn k=1,k#m

In fact, equations (3.25) and (3.26) are nothing but the Rauch variational formulae [9] for the
holomorphic differential v.
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3.2. Integrable systems
Denote the matrix dimension of our system by K. The classical elliptic r-matrix is the following
linear operator in the tensor product of two copies of CX:

K-1

F = Y was()oapc?’ (3.27)

A,B=0
(A, B)#(0,0)

where w4 p are given by the combinations of Jacobi’s theta functions (3.7) ((A, B) # (0, 0)):
01451 (¥)600,(0)

_ (3.28)
O1a81(0)B001 (V)

wap(y

where we denote

A 11 B

OraB1(v) = Opap(y; n) =0 [E —3 5T E} (v ).

All w4 p have a simple pole with unit residue at y = 0 and the following twist properties:

wap(y + 1) = e*wap(y) wag(y + 1) = Pwap(y) (3.29)

where € = e?"/K | The matrices o4 are the higher rank analogues of the Pauli matrices; they
form a basis of s/(K, C) and are defined as follows (for (A, B) # (0, 0)):

oap = HAF® (3.30)
where F is the diagonal matrix
F = diag{l, €, e, ..., eK_l}

and H is the permutation matrix

o1 0 . .0
oo 1. .0
H=}. . . . . .
o0 o0 . .1
1o . . .0
These matrices satisfy the relations e FH = HF,and FX = HX = 1.
Together with 045 we introduce the dual basis oAB.
s c—AB
= A 3.31
o % o2 A,—B ( )
such that
tr(oapo “P) = 8582, (3.32)

From (3.29) and properties of matrices F and H we derive the following periodicity properties
of the elliptic r-matrix (3.27):
12 112 1 12 12 (I
ry+)=r"r(y)F ry+w)=Hr(y)H . (3.33)
In the following we shall also need the functions

wag(y) (QI/ABl(y) _ GI/ABI(O)>
2ri \Oam(y) O (0)

Zap(y) = (A,B)# (0,00  (3.34)
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which have no singularities and transform as follows:
Zyp(y +1) =€ Zyp Zaply + 1) = €®(Zap(y) —wap(y)). (3.35)
Using the fact that theta functions satisfy the heat equation,

3%0[p., q1(y; ) LIV O

4 3.36
we get the the following relation between Z45 and wp:
Ouwap(y; ) = 0y Zap(y; W- (3.37)
Now we are in a position to write down an ‘elliptic’ counterpart of the linear system (2.11):
1
dw(P) 2 12 2 1
o =tr(r V(P) = ¥Ym) Ju) W (P) (3.38)
where
K—1
Jm = Z J,:;‘BO‘AB
A, B=0
(A, B)#(0,0)
with scalars JA%. Here m = 1,...,2N,¥ = W(P,{A,}) is a matrix-valued function;

as before, v(P) is the Abel map (3.5) from the covering £ onto its fundamental domain
T = C/{1, u}; ¥ = v(Py). The compatibility condition of this system

2 12 2 2 12 2
(tr (r W(P) = V) Ju))a, — (e (r W(P) — ¥) S,
2 12 2 212 2
+[tr (r W(P) = yi) I tr (r W(P) = ¥u) )] =0 (3.39)

gives the system of differential equations for matrices J,, as functions of the branch points A,

1
0Jm

1 , 2 12, 2
an = —pJ 0 Vi — V) — U 0" (Vo — V) Jn)

1 2 12 2
- [Jma tr(r (Vm - yn) Jn)] m 75 n (340)

where /' stands for the derivative of the r-matrix with respect to its argument. To prove that
the compatibility condition reduces to (3.40) we, first, compute the derivatives in (3.39) using
the chain rule:

P, (V) =i, + 17 (Vs

The derivative of the period u is given by (3.22); for differentiation of v and {y,,} one uses
the equations (3.11) and (3.23), respectively. Then we note that the vector bundle x over
the Riemann surface £, whose monodromy matrices along the cycles a and b are given by
F~! and H, respectively, is stable [10]. Checking the periodicity properties of the left-hand
side of (3.39) we see that it is a section of the adjoint bundle ad x. Due to the stability of x
the bundle ad x does not have holomorphic sections (see, for example, [11]). Therefore, for
condition (3.39) to hold it suffices that the left-hand side has no singularities; this is equivalent
to the system (3.40).

Equations (3.40) form the non-autonomous non-linear integrable system associated with
the space of elliptic coverings which gives an elliptic analogue of the integrable system (2.12).
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3.3. Tau-function

Let us introduce an object which we shall call the tau-function of the system (3.40):

dlogt 1 2
=—tr(J,). 3.41
Y- 200, (/) O41)

To prove consistency of the definition we compute the derivatives of the right-hand side,

ain (% tr(J,%)), using (3.40). Then we get

3’ logt b (Jl J2 12, N
. =~y m — VYn))-
o Vi = V)

This expression is symmetric in m and n, due to the following properties of the r-matrix:
12 21
r(y)=—-r(=y)
and
12, 21,
r(y)=r(=y).
This proves compatibility of the equations (3.41).

An alternative definition of the tau-function (3.41) can be given in terms of the one form
dU U = g, w1 dp:

a1 1 tr(d¥ w)?
TO8T _  reslp w@dv o) . (3.42)
O 2 " da
To prove the equivalence of the two definitions, first note that we can write
A
dr = —dv. (3.43)
av
Therefore using (3.10) for dv/9A we get
rd¥ w2 dv - N -
= (VT dy = (Y (o = )+ () | w0 du. (3.44)
da A —

Further, we write the ‘full’ derivative of W with respect to A,, as follows:
dw ow oy 0w
— 2 477 (3.45)
dr,,  OA, OA, OV
then using the form of the linear system (3.38) and formula (3.11) for the derivative of v, we
rewrite (3.45) in the form:
1 1

2 12 2 ov 1 ow 1 _
w(r v =ym) Jn) = 5=V ‘—am<p(v—ym>+p<ym)>5w b (3.46)

from which one can find tr(¥, W ~")? and see that (3.42) is equivalent to (3.41).

3.4. Integrable system in the case of two-fold elliptic coverings

The simplest elliptic covering £ has two sheets and four ramification points. It corresponds
to the hyperelliptic curve given by the following equation:
@® = (=2 = A)(h = A3) (= Aa)

where A,,, m = 1,...,4, are branch points. On the covering we choose the basic cycle a
to encircle ramification points P;, P,, and the b-cycle to encircle points P, and Ps. For this
Riemann surface the normalized holomorphic differential v is given by

-1
v [% d—q . (3.47)
o |J, o
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As before, w is the b-period of the surface £ : u = fb v(P). Consider the map ¥ from the
covering £ onto its fundamental domain 7 = C/{1, u}:

P
ﬁ(P):/ v(P).
Py

This map differs from the map v(P) (3.5) by a function of branch points:
v(P) = b(P)+h({An})

where h({)\,,}) = f 02"0) v(P). For our choice of basic cycles the images 7, of ramification

points under the map ¥ are given by

1
n=vP)=0 =0(P) = 3
I n 2
~:~P = -+ — ~=~P = —.
73 =0(P) ) V4 =V(Py) >
Since Y — Yo = Pm — Pu (Where y,, = v(P,,),m = 1,...,4 are as before the images of

ramification points under the map v (3.5)), we can use these values of {§,,} to write explicitly
the system (3.40) for the simplest covering. To do this we also calculate the coefficients
{ocm}‘,‘n:1 defined by (3.12). The form (3.47) of the normalized holomorphic differential v
implies:
v% 2
) (A1 = 22) (A — A3) (A — Ag) A?
where A = fa %. From the Thomae formulae [12] we see that
47%0]
(A1 — 24 (A3 — A2)
and therefore we have the following expressions for the coefficients o, :
A3y — A M — Mg
= 3 2 =— 3
2720 (A — M) (A1 — A3) 2720 (hy — A1) (A2 — Ag)
A — A Ay — A
= 1 oy = — 1 .
2720} (A3 — A1) (A3 — Ag) 27120, (A4 — X2)(Ag — A3)
Now we can write down the integrable system (3.40) explicitly for K = 2 (K is the matrix
dimension of the system). In this case we use the standard Pauli basis {0}, 02, 03} related to
the matrices o4 5 as follows:

AZ

o

o3

o1 = 01 o1 = ioy 001 = 03
1 i 1 (3.48)
0’102—0'1 G”=—02 0'012—0'3.
2 2 2
The corresponding notation for components of J,, is
Jh = JE=1igl! g2 =0 (3.49)

We shall write the equations for (J);, (J = Jllal +J 1202 +J 13 0'3). The remaining equations
for (J,,),, in the case of two-fold elliptic covering have a similar form.

aJ! A — A 16/

i L I =2 +2mid} J30}

My 21 (A —AD)(A2 —Ag) 6] 6>

aJ? Al — A 16/

My 272 — A — ) 6} 6,

3J;} A=Ay s 16y A3 — A2 N

. T 52 1, t 273
0k 2m2(ha —AD(2a—Ag) 6 00 200 —A2)(M1 —A3) T 6
+27i (J7 1,05 — 11 J567) .
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Here 6, = 6[3,0](0); 63 = 6[0,0](0); 6 = 6[0, 3](0) and 65 = 6}(0) are the standard
theta-constants.

4. Relationship to the Schlesinger system

The elliptic Schlesinger system [1] describes isomonodromic deformations of solutions
W(y, {z;}) of the following matrix linear differential equation:

dw
1, =AY .1
14
where y is a coordinate on the torus T = C/{1, u}; A(y) is a meromorphic s/(K, C)-valued
matrix:

1 2
Aly) =) t(r(y —z))A))
j=1
r(y)istheelliptic r-matrix (3.27);z; € T, j = 1, ..., L; L is some integer. At the points {z;}

the matrix A(y) has simple poles with residues A ;. The residues are, in turn, parametrized as
follows:

K—1
Aj = Z A?BO'AB (42)
A,B=0
(A,B)#(0,0)
where matrices o4p are given by (3.30); A‘;‘B € C. The matrix A(y) has the following
periodicity properties:
Ay +1) = F'A(y)F Ay +p) = HA(y)H ™.
It is assumed that W has asymptotical expansion near z;, j = 1, ..., L, of the form:
V() =(G;+ 0y —z))y —z)"C; 4.3)

where matrices G;, C;, T; do not depend on y; C;, G; € SL(K,C), and T; are diagonal
traceless matrices such that any two entries of 7; do not differ by an integer number. The
function W transforms as follows with respect to periods 1 and p of the torus 7

Y(y+1)=F 'W(y)M, Uy +p) = HY(Y)M,

and being analytically continued along a contour /; surrounding the point z; the function W
gains a right multiplier:

Wyl =w(y)M;

where M,, M;, M; are called the monodromy matrices. The assumption of independence
of all monodromy matrices of the positions of singularities {z;} and the b-period w of the
elliptic Riemann surface is called the isomonodromy condition. This condition together with
expansion (4.3) gives the following dependence of ¥ on p and {z_i}lez

1 1 1 2 12 2
W U =—tr(r (y —z)A) (4.4
L K-l
W, v = Z AP Z45(y — 21)oan (4.5)
j=1  A.B=0
(A, B)#(0,0)
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the functions Z 4 were defined by (3.34). The compatibility condition of (4.4), (4.5) and (4.1)
gives the Schlesinger system on the elliptic surface:
1

0A; I 2 12 2 . .
el L UGICEENED) B Y
J
314 L 2
i 2 12
o= 2 MA@ —z)A))
' j=Vj#i
VN IR PR L
a ! :—Z A,-,tr A] Z ZAB(Zi_Zj) O'ABUAB . (46)
® j=1 A,B=0
(A,B)#(0,0)

The tau-function of this system is defined as the generating function of the following
Hamiltonians:

L K—1
1
H, = 4—my§ w Ay = Y Y AP Aupwaszi—z) (@)
G Jj=Lj# A,B=0
(A,B)#(0,0)
1 1 L K—1
Hy=—5— ygtrAz(y)dy =5 Yo D A AiZaszi—zj). (48)
a i,j=1 A,B=0
(A, B)#(0,0)
0 log Tg 0 log Ts
CO8Th _ py  TOBTSh 4.9)

9z ol

The following theorem shows how (analogously to the rational case [8]) solutions of the elliptic
Schlesinger system (4.6) induce solutions of system (3.38) and (3.40).

Theorem 2. Let L be a genus one covering of the A-sphere with simple ramification points
Py, ..., Py, which have different A-projections \i, ..., on. Consider a set of L points
{01, ..., QL) on L such that their projections w(Q;) are independent of {A,,}. Let v be the
Abel map (3.5) onto the fundamental domain of the covering, v : L — T. Consider the
Schlesinger system (4.6) with z; = v(Q;) and its solution {Aj({zi})}]L.zl. Let WV (y, {z;}) be
the corresponding solution of system (4.1). We can consider ¥ as a function on the covering
L via the Abel map:

V(P) =W@(P), {(v(Q)D. (4.10)
Then
1. the function V (P) satisfies the linear system (3.38) with J,, defined by
1 L 2 12 2
In= =0t Y (5 (ym — 2) A;) (4.11)
j=1

and, hence, J,, solve the system (3.40);
2. the tau-function t (3.41) of the system (3.40) is related to the tau-function tse, (4.9) of
the elliptic Schlesinger system according to

Lo rA2/2
w0 =TT (55 ©0)" “wsen(let)mvian) @12)

j=1
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Remark. Formula (4.12) coincides with the one relating the tau-function of the rational
system (2.11) and the tau-function of the Schlesinger system on the Riemann sphere, see [8].

Proof. Since the solution W of (4.1) is defined on the space of branch coverings as in (4.10),
we can differentiate it with respect to X, according to the chain rule:

dv 9w dv iawazj oW ap

—_— =+ + .
iy v Ohy 92 Ok O O

(Recall that w is the b-period of the elliptic Riemann surface.) We differentiate z; = v(Q;)
according to the formula (3.11) for derivatives of v and use also formulae (3.22), (4.1), (4.4),
(4.5). Using the relation

wag (Y —2;)(p(Zj = Vm) = p(¥ — Ym)) +271Z45(y — 2j) = —wa(Ym — 2))WaB(Y — Vm)
which can be proved by checking periodicity properties of bothsidesasy — y+1,y — y+pu
and behaviour at the pole y = y,,, we obtain:

1
dw
d)"m

L
2 [ 12 323 3 1
=—antr [ F0—y) Y o m—z)A) | ¥, (4.13)
j=1
We single out the v-dependent term and denote the rest by J,,;:

2 L 3 23 3
Jpi= —ay, Z tr(r (ym - Zj)Aj)'
j=1
This leads to the system (3.38) and proves the first part of the theorem. For the second part,
equality (4.12), we shall prove the following relation between the two tau-functions:

L 2 v

dlogt _ alogrsCh_FZtrAj&logﬁ @.14)

- oA - 2 OAm

Jj=1 V=g;
This leads to (4.12) if one observes that
2

atr Aj _

Ry-

which follows from the Schlesinger system (4.6). To show (4.14) let us first note two auxiliary
relations. The first one is

wap(zi —2))(p(zj —y) —pi —¥)) =wap(y —z))w_a—p(y — z;) —2mwiZap(z; — 2})
(4.15)

for any pair of non-equal indices i, j. This relation can be verified examining singularities
and periodicity properties and then noting that at the point y = %(z,- +2z;) both sides are equal
due to the equality

2wa(2Y)p(y) = wig(y) +2miZ45(2y)

which, in turn, can be proved by the same method. One can apply similar considerations to
verify the second identity which we shall use

wap(Y)w-a—p(y) = 27iZ45(0) — p'(y). (4.16)
To show (4.14) we differentiate the tau-function of the elliptic Schlesinger system ts., with

respect to Ay,:

dlogtseh XL: d log tsen 0z; N d log Tsch 8_,u

Ly 9z A A Oy,

i=1
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Then we rewrite all the terms explicitly using (4.9), (4.7), (4.8), (3.11), (3.22) and simplify
the obtained expression applying the auxiliary identity (4.15). Noting also that

Z_a-B(=y) = ZaB(y) (4.17)

one arrives at the following expression:

L

K—1
0 log tsch A
Ts = amK Z Z GABA?BAi 4 BwAB(ym - Zj)wafB(ym - Zi)
" i.j=1  A,B=0

i<j (A.B)#(0,0)

L K—1
+niZ Z e BAMBAAEZ,500) | . (4.18)

i=1 A ,B=0
(A,B)#(0,0)

The derivative in the second term of the right-hand side of (4.14) can be obtained using (3.11)

as follows:
alogg—;_i<8v> a_v_i<ﬂ>
EY. Or \Orw /[ 0x v \9A,
hence
v
818‘1% = (2] — V). (4.19)
V=Zj

A certain simplification using the second auxiliary identity (4.16) leads to the following
expression for the right-hand side of (4.14):

L v
0 log Tseh Z tr A7 dlog 7

oAy 2 O,

i=1 V=z;

L k-1
o A
=5 Z D KA AT P wag (v — ) woa s (vm —20) | (4.20)
i,j=1 A,B=0
(A, B)#(0,0)
which is nothing but tr(J?2) /2a,, where J,, are given by (4.11). Thus the right-hand side of
(4.14) is equal to (log 1), , where the tau-function t is defined by (3.41). U

m

5. Trigonometric degeneration of the elliptic coverings and corresponding integrable
systems

Here we describe the trigonometric version of system (3.40), obtained by a degeneration of the
covering L. Further, as an illustration, we consider the two-fold covering when all coefficients
of the obtained system can be computed explicitely.

Set the matrix dimension K of the system to be 2. An elliptic N-fold covering has,
according to the Riemann—Hurwitz formula, 2N branch points (recall that we assume them
to be simple and distinct). If we let one branch cut degenerate (i.e. we let two ramification
points connected by a branch cut tend to each other), the elliptic covering turns into a rational
one with 2N — 2 ramification points and a double point remaining from the degenerate
branch cut.
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Assume that the points P,y_; and P,y are connected by a branch cut [Poy_1, Pay].
Moreover, choose the basic a-cycle on £ to surround this branch cut. Consider {1, }2¥* as
independent variables and A,y and A,y as fixed parameters. Take the limit Ay y—1, Aoy — Ao
with Ay independent of {Am}if\; ]2. Then the branch cut [P,y_1, Poy] degenerates and the
elliptic curve L turns into the rational curve £y with two marked points Q; and Q, (a double
point) which lie on different sheets of £y and have the same projection on the A-plane:

7(Q1) =7(0Q2) = Ag.
The basic a-cycle on L turns into a contour on L, surrounding one of the points Q| or Q».
Suppose that it surrounds Q; in the positive direction. Denote by {(P), P € Ly, the one-
to-one map from the genus zero covering £y with ramification points Py, ..., Poy_5 to the

Riemann sphere; for simplicity we fix this map by the requirement ¢ : 00(®’ — oo such that
in a neighbourhood of co®

() =21 +o(1). (5.1
Denote the images of points Q| and Q, on the Riemann sphere by «; and «;, respectively:
K1 =¢(Q1) K2 = £(Q2). (5.2)

The holomorphic differential v(P) degenerates to the meromorphic on £ differential v, with
the simple poles at Q| and Q- and residues 1/2mi and —1/271, respectively. This differential
can be written in terms of the coordinate ¢ as follows:

1 1 1
= — — de. 5.3
vo(¢) 2ni<§—/<1 C—/Q) ¢ (5.3)
The b-period v of the Riemann surface £ in the limit P,y_; — P,y has the following
behaviour:

1
p=_— log|Aon—1 — Aon| + O(1) 54

i.e. u — +ioo in this limit, and the fundamental domain 7 = C/{1, u} of the covering £
turns into a cylinder. The map v (3.5) now maps the degenerate covering £, onto the cylinder
in the y-sphere:

P—/P —ifg LN N WS N Sl 5.5)
V= oo“))vo_27Ti oo(g_’(l §_K2> §_27-[i Ogé‘_’Q. ©.

From the definition (3.7) of the Jacobi theta-functions, we deduce the behaviour of the
logarithmic derivative p(y) of ; = 9[% %] as u — +ioo:

po(y) — mwcotmy (5.6)
and therefore,
2
Py > =5 (57
sin® Ty
Similarly, the r-matrix becomes in this limit (for the matrix dimension K = 2):
12 12 1 = 1 2 1 = 1 2 1 12
ry) —>ry(y) = =— 010+ —— 0,02+ - COtTy 0303 (5.8)
2sinmwy 2sinmwy 2

where we use the Pauli basis {cri}? , (3.48); rg is the so-called trigonometric r-matrix.
Differential equations (3.23)—(3.26) for {ym},zn]\; _12 (images of non-degenerate ramification

points Py, ..., P,y_» under the map v (5.5)) take the form (for m # n):

Vn

In = —]TO(,% [COt]T(Vn - Vm) + COthm] (59)




Integrable systems related to elliptic branched coverings 10603

2N-2
d
8% =7 Z ozg[cotrr(ym — Yp) +cotmy,]
m n=I1,n#m
P 0 0,0
% _ g2 (5.10)
8)\m S1n T[(Vn - Vm)
o _ 0 X3 el
a)"m n=1,n#m SiIIZJT()/n - Vm)

where by a’ we denoted the analogue of the coefficient a,, in the degenerate case:

o 1 1 wvp)

2
2
o, ==V, == | ——m—— m=1,...,2N — 2. 5.11
m 20m 2|:d /—)\_)\.m P=Pm:| ( )

Remark 1. Differential equations (5.9) can be obtained directly from the form (5.5) of the
map v using the fact that the map ¢ satisfies equations (2.9) with § =1, ¢, = 0.

Remark 2. The system (5.9), (5.10) after a simple change of variables coincides with
equations for characteristic speeds of the system of hydrodynamic type to which the Boyer—
Finley equation (self-dual Einstein equation with one Killing vector) Uy, = Y),, reduces
[13].

The linear system for the matrix W is written now via the trigonometric r-matrix ry:

1
dw(P) 2 12 2 1

o =t (roW(P) = Ym) Jm) W(P) (5.12)

m = 1,...,2N — 2. Then, the trigonometric version of system (3.40) for J,, = Jnlqal +

J20, + J2 o3 (for notation see (3.49)) gives the compatibility condition of the above linear
system:

aJn11 _ 0527'[2 Iy 06217'[2 CoSTT (Vi — Vn)Jl
My ST — ) "SI (Y — )
2mi
+ —(Jn21‘]n3 COSTT (Vi — Vu) — Jn31‘lnz)
SinT (Y — V)
3.2 _ alr? 2. a2 coSTT (Vi — Vu) 2 (5.13)

O, Sin? (Y —yu) " Sin? 7T (Ym — V)

2mi
+ ,—(J,iJnl — J,111Jn3 coS T (Ym — yn))
SINTT (Vi — Va)
A Y SR SO LY VIV
Oy SIN? T (Vi — V) SIn% 7T (Vi — V) SINTT(Vin — Vn)
the indices m and n are different and range in the set {1, ...,2N — 2}.

All the involved coefficients can be explicitly computed if we start with the two-fold
elliptic covering. After the degeneration we get a rational covering £y with two ramification
points P; and P, (with the A-projections A and A;) and the marked points with the projection
A independent of A; and A,. The one-to-one map ¢ from this covering to the Riemann sphere
which satisfies condition (5.1) has the following form:

c(P) = %<A+ it +\/()»—)»1)(k—)»2)) (5.14)

2
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where A = w(P), the projection of the point P on the base of the covering. Knowing the
expression for the map ¢ allows us to find the images y, y» of the non-degenerate ramification
points P;, P, under the map v(P) since it can be explicitly integrated (see(5.5)):
1 n — K1
w = — log 22— 5.15

i 2mi ¢ é-m — k2 ( )
where ¢, = ¢(P,),m = 1,2 are the images on the Riemann sphere of ramification points.
One can find them from the form (5.14) of the map ¢:

3h+ Ay AL+ 34
a=¢t)=—7— L =1¢) = .
4 4
For the ¢-images « » of points QO and Q5 (5.2) we have
1 A+ A
Kio = E(AQ + =22 g =g - /\2)).

Now one can easily see from (5.15) that

Q2T — Vi —ho = ha — ko — _¥in
\/)»1 — )»Q +\/)»2 — )»Q
and, therefore, y; —y, = 41/2. The same conclusion can be drawn if one observes that y; —
is equal to one half of the integral over the a-period of the differential v (see definition (3.5)
of the map v). The sign of the difference y; — y» is determined by the choice of direction of
the a-cycle.
It remains to calculate one more ingredient of system (3.40) for J,,, namely the coefficients
a?’z (5.11). Denoting by vy (x) a locally defined function such that vy = vo(x) dx (x being a
local parameter on the covering), from the relation

(5.16)

1 1 1
dx = — — d
vo(x) 2mi (C — K ¢ —K2> ¢
we deduce that
d m m —
Y (h) = 2rivg, S =KD En — k2) m=1,2.
dx K1 — K2

From the explicit form (5.14) of the map ¢ (P) one can compute the coefficients (d¢/dx)(A,;)
of expansion of ¢(P) in neighbourhoods of ramification points P;, P». Then we obtain the
expressions for a% = %v%m (m=1,2):

0 1 do—hp 1 o L a—i 1

al:_ﬁkl—)\le—)\.z az:_zj'[z)\.z—)xQ)\.z—)\.l.

In the limit Ay — oo, summarizing all the above calculations, we get from (5.13) the system
of equations for J; = Joy + J2oa + J}o3:

aJl 1 1

=L = JI = 2mid}J;

My 2Ah — Ao

aJ: 1 1

Y R SWAN A

s 2 — A

aJs> 1 1 )

8—)»12 =2 _M(Jns — 13) +2mi(J] I3 — JiTy)
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and the similar system for J;:

8y _ 1;.121 +2iJ;5 J}
Ay Ao — Ay

3J3 1
En A2 — Aj
3J;

1
ar

2
_ 1 J} —2miJ; g}
- 2 271
2

1
=3 (JP = 1) +2ni(4] I3 — J21)).

Al — A2
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